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Let G be a graph. Then a G-decomposition of Kv, a complete graph on v vertices, is a pair
Σ = (X,B), where X is the vertex set of Kv and B is a partition of the edge set of Kv into
graphs all isomorphic toG. The elements ofB are called blocks andΣ is said to be aG-design
of order v.
In this paper we study colourings of P4-designs where, in each block ofB, two vertices
are assigned the same colour and the other two another colour.Wedetermine, among other
things, families of P4-designs having a chromatic spectrum with gaps. These are the only
known cases of G-designs having this property except for the families of P3-designs found
by Lucia Gionfriddo.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
Let Kv be the complete graph on v vertices and G be a graph. Then a G-design is a pairΣ = (X,B), where X is the vertex
set of Kv andB is a set of copies of G that partition the edge set of Kv . If such a G-design exists, we also say that Kv admits a
G-decomposition or that Kv is G-decomposable, whileΣ is called a G-design and the elements ofB are called blocks.
Let Pk = (x0, x1, . . . , xk−1) be a path on vertices x0, x1, . . . , xk−1 with edges {xi, xi+1} for i = 0, . . . , k − 2. The vertices
x0, xk−1 are called terminal vertices of Pk. The corresponding Pk-designwill also be called a P(v, k)-design, or simply a Pk (v)-
design or Pk design.
A necessary and sufficient arithmetic condition for the existence of a P(v, k)-design can be found in [1,6].
Theorem 1.1. Let v ≥ k. Then a P(v, k)-design exists if and only if v(v − 1) ≡ 0 mod 2(k− 1).
As an immediate corollary we get:
Corollary 1.1. Let v ≥ 4. Then a P4(v)-design exists if and only if v ≡ 0 or 1 mod 3.
Nowwe introduce themain notions of this paper. To facilitate our discussionweuse [a, b] for the interval {a, a+1, . . . , b}.
A k-colouring of a G-design (X,B) is a surjective mapping f : X → [1, k] such that any block inB contains two vertices
coloured with the same colour and two vertices coloured with different colours. If a G-design admits a k-colouring then it
is called k-colourable or simply colourable. Each k-colouring induces a partition of the set X into k colour classes A1, . . . ,Ak
with cardinalities |Ai| = ni. We will also say that the k-colouring is of type An11 An22 · · ·Ankk .
The minimum k for which there exists a k-colouring of a G-design is called the lower chromatic number and it is denoted
by χ , while the maximum k for which there exists a k-colouring is the upper chromatic number, denoted by χ . The interval
[χ, χ ] is called the chromatic spectrum of the G-design [9].
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A G-design that does not admit any colouring is called uncolourable [4]. It is possible that a colourable G-design does not
admit an i-colouring for some χ < i < χ . In this case we say that the chromatic spectrum has a gap at i or that the spectrum
is broken [7]. The number of consecutive i’s for which the G-design is i-uncolourable is called the length of the gap, and a gap
of length 1 is called a hole [3–5].
If χ = χ , then the G-design is said to bemonocolourable; otherwise it is said to bemulticolourable.
A k-colouring f : X → [1, k] of a G-designΣ = (X,B) is {r}-regular if |f (E)| = r for every block E ∈ B [2]. We say that
f is an {r}-regular equicolouring if it is {r}-regular and for every block E ∈ B the frequencies of any two colours that occur in
E differ by at most 1. For example, in a {2}-regular equicolouring of a P4-design each block has two vertices coloured with a
colour and the other two vertices coloured with a different colour, while in a {2}-regular equicolouring of a P5-design each
block has three vertices coloured with a colour and the other two vertices coloured with a different colour.
In this paper {2}-regular k-equicolourings (i.e. {2}-regular equicolourings using k colours) of P4-designs will be studied.
We construct families of P4-designs whose chromatic spectrum has gaps. We point out that except for the P3-designs
constructed in [3–5], these are the only known cases of G-designs having this property. Further we show that for each
admissible value v there is a {2}-regular k-equicolourable P4(v) design, and also there is a P4(v) design that is not {2}-regular
equicolourable.
2. P4-designs of small orders and recursive constructions
LetΣ = (X,B) be a P(v, k)-design and x ∈ X . Then Tx will stand for the number of blocks inB where x is terminal and
Mx will stand for the number of blocks containing x as a non-terminal vertex. Clearly, for each x, Tx + 2Mx = v− 1. If there
is a vertex x ∈ X withMx = 0 then we say thatΣ is singular.
It is easy to see that the following systemΠ4 defined on [0, 3] is the only, up to an isomorphism, P4(4)-design:
Π4
(0, 1, 2, 3)
(1, 3, 0, 2)
We start with some simple observations on P4(6)-designs:
Lemma 2.1.
1. Every vertex of a P4(6)-design is terminal in an odd number of blocks.
2. Every singular P4(6)-design has exactly one vertex that is terminal in all of its blocks and the other vertices are terminal in
exactly one block.
3. Every non-singular P4(6)-design has exactly two vertices that are terminal in exactly three blocks and has exactly four vertices
that are terminal in exactly one block.
Proof.
(1) For every vertex x of a P4(6)-design, we have Tx + 2Mx = 5; hence x is terminal in an odd numbers of blocks.
(2) As the design is singular, there is an x with Mx = 0, which in turn implies Tx = 5; that is, there exists a vertex that is
terminal in all five blocks. The other five terminal positions have to be occupied by the remaining vertices as each vertex
is terminal in an odd number of blocks.
(3) In this caseMx > 0 for all x. From Tx + 2Mx = 5 we have Tx = 1 or 3. Asx∈X Tx = 10, the only option is 1+ 1+ 1+
1+ 3+ 3 = 10, and the proof follows. 
Theorem 2.1. The following systems defined on [0, 5] are the only two, up to an isomorphism, singular P4(6)-designs:
Π∗6 Π
∗∗
6
(0, 1, 2, 3) (0, 1, 2, 3)
(0, 2, 4, 1) (0, 2, 4, 5)
(0, 3, 1, 5) (0, 3, 5, 2)
(0, 4, 5, 2) (0, 4, 3, 1)
(0, 5, 3, 4) (0, 5, 1, 4)
Proof. Let Σ = (X,B) be a P4(6)-design defined on X = [0, 5]. If Σ is singular, then, without loss of generality, we can
assume thatM0 = 0, and, from Lemma 2.1, thatΣ contains the blocks
(0, 1, 2, 3), (0, 2, 4, x),
where x = 1 or x = 5.
If x = 5, then necessarily
(0, 3, 5, 2) ∈ B,
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and therefore also
(0, 5, 1, 4), (0, 4, 3, 1) ∈ B.
If x = 1, the pair {2, 5} is necessarily contained in a block (0, y, 5, 2) ∈ B for y = 3 or y = 4. It is not possible that y = 3;
otherwise no element of [0, 5] can occupy the place of z in the block (0, 4, z, 5). So, we have y = 4 and
(0, 3, 1, 5), (0, 5, 3, 4) ∈ B. 
Now we are going to describe two recursive constructions of P4-designs.
Theorem 2.2 (Construction A1 and Construction A2).
1. If Σ1 is a P4(v)-design of order v = 2k, then there exists a P4(v + 3)-design containing Σ1.
2. If Σ2 is a P4(v)-design of order v = 3k, then there exists a P4(v + 4)-design containing Σ2.
Proof.
(1) Let v = 2k,Σ1 = (X,B) be a P4(v)-design defined on X = [0, v − 1], and Y = {a, b, c} be a set such that X ∩ Y = ∅.
Set
C = {(0, a, b, 1), (0, b, c, 1), (0, c, a, 1)}
D = {(a, i, b, i+ 1), (a, i+ 1, c, i) : i = 2, 3, . . . , k− 1},
where the sums are taken mod v. Then it is easy to see thatΣ = (X ∪ Y ,B ∪ C ∪D) is a P4(v+ 3)-design containing
Σ1.
(2) Let v = 3k and Σ2 = (X,B) be a P4(v)-design defined on X = [0, v − 1]. Further, let (Z, E ) be a P4(4)-design, where
Z = {α, β, γ , δ} and X ∩ Z = ∅. Put
F = {(3i, α, 3i+ 1, β), (3i, γ , 3i+ 1, δ), (3i, β, 3, i+ 2, α), (3i, δ, 3i+ 2, γ ) : i = 0, 1, . . . , k− 1},
andB ′ = B ∪ E ∪ F . Then one can easily verify thatΣ ′ = (X ∪ Z,B ′) is a P4(v + 4)-design containingΣ2. 
The following lemma is well known; see e.g. [8].
Lemma 2.2. A complete bipartite graph Km,n is P4-decomposable if and only if m, n > 1 and m · n ≡ 0 (mod 3).
Now we are ready to describe another recursive construction of P4(v)-designs:
Theorem 2.3 (Construction B). If H1, . . . ,Hh are pairwise disjoint P4-designs of order n1, n2, . . . , nh respectively, where
n1 ≡ 0 or 1 (mod 3), and ni ≡ 0 (mod 3), i ∈ [2, h], then there is a P4-design of order n1 + n2 + · · · + nh containing
all of them.
Proof. For every i ∈ [1, h], letHi = (Xi,Bi) be a P4-design of order ni. From Lemma 2.2, for every i, j ∈ [1, h], i ≠ j, the
complete bipartite graph with bipartition Xi, Xj is P4-decomposable; we denote by Di,j the set of blocks in this design. Set
X =i Xi,B =iBi,D =i,jDi,j. It is obvious thatΣ = (X,B∪D) is a P4-design of order n1+n2+· · ·+nh containing
all designsH1,H2, . . . ,Hh. 
3. 2-regular equicolourings of P4-designs
In the previous section we described constructions of P4-designs. Now we focus on {2}-regular equicolourings of these
designs.
Theorem 3.1. If Σ is a {2}-regular k-equicolourable P4(v)-design, then
2 ≤ k ≤
v
2

and every colour class has cardinality ni ≥ 2 for i ∈ [1, k].
Proof. From the definition of {2}-regular equicolouring we have that k ≥ 2. As each colour class contains at least two
vertices, we get k ≤ ⌊ v2 ⌋. 
Theorem 3.2. A P4(v)-design is {2}-regular 2-equicolourable with a colour class of cardinality 2 if and only if v = 4.
Proof. Every P4(4)-design is isomorphic to Π4, which is {2}-regular 2-equicolourable, and both colour classes have
cardinality 2.
Let Σ = (X,B) be a P4(v)-design, f be a colouring of Σ , and A = {0, 1}, B = X − A be the two colour classes of f .
Then either (a, 0, 1, b) ∈ B or (0, 1, a, b) ∈ B where a, b ∈ B. In any case, in the other blocks, 0 and 1 have to be the two
terminal vertices. If v > 4, then v ≥ 6, and each vertex in Bwould belong to at least three blocks, i.e., each vertex in Bwould
be adjacent to 0 or 1 in at least two blocks, a contradiction. 
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Theorem 3.3.
1. There exists a {2}-regular 2-equicolourable P4(6)-design.
2. If a P4(6)-design is {2}-regular k-equicolourable, then k = 2 and there are three vertices in both colour classes.
Proof.
(1) A 2-colouring of the P4(6)-designΠ6 with colour classes A = {0, 2, 4}, B = {1, 3, 5} has the required properties.
Π6
(0, 1, 3, 4)
(0, 2, 3, 5)
(0, 4, 1, 5)
(1, 2, 4, 5)
(2, 5, 0, 3)
(2) If f is a k-colouring of a P4(6)-design, then, from Theorem 3.1, 2 ≤ k ≤ 3. For k = 3, assume that f has colour classes
A = {0, 1}, B = {2, 3}, and C = {4, 5}. The pair {0, 1} is an edge of a block; hence we may assume that (0, 1, 2, 3) or
(2, 0, 1, 3) is a block. The first case is not possible because no block would contain the edge {0, 2}. The block containing
{0, 4} can be (0, 4, 1, 5), (0, 4, 5, 1) or (5, 0, 4, 1), but in the first two cases, there is no block containing {0, 5} and, in the
third case, there is no block containing {1, 5}. Thus k = 2, and the rest of the statement follows from Theorem 3.2. 
Let C be a {2}-regular 2-equicolouring of a P4(v)-design with colour classes A and B. In what follows we will denote by:
1. α the number of blocks in which vertices are coloured in order (AABB);
2. β the number of blocks in which the order is (ABAB);
3. γ the number of blocks in which the order is (ABBA);
4. δ the number of blocks in which the order is (BAAB).
Theorem 3.4. Let f be a {2}-regular 2-equicolouring of a P4(v)-design having colour classes A, B where |A| = h. Then
(i) α + δ =

h
2

(ii) α + γ =

v − h
2

(iii) α + 3β + 2γ + 2δ = h(v − h).
Proof. Consider edges contained in the blocks of a P4(v)-design having both vertices coloured with the same colour. Then
it is not difficult to see that (i) and (ii) hold.
On the other hand, considering edges with vertices coloured with different colours, we get (iii). 
As an immediate consequence we get:
Corollary 3.1. Let f be a {2}-regular 2-equicolouring of a P4(v)-design having b blocks and h vertices in one of the two colour
classes. Then
α + δ =

h
2

α + γ =

v − h
2

α − β = 2b+ h(h− v).
Proof. As the first two equations are identical with those in Theorem 3.4, we need to prove only the third one. Summing (i)
and (ii) we get
2δ + 2γ = (v − h)(v − h− 1)+ h(h− 1)− 4α.
Substituting for 2δ + 2γ from (iii) of Theorem 3.4 leads to
α + 3β + (v − h)(v − h− 1)+ h(h− 1)− 4α = h(v − h),
that is,
3β − 3α = −v2 + hv + v + hv − h2 − h− h2 + h+ hv − h2,
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and consequently
α − β = h(h− v)+ v(v − 1)
3
.
Since b = v(v−1)6 we have
α − β = h(h− v)+ 2b
and the statement follows. 
Corollary 3.2. Let f be a {2}-regular 2-equicolouring of a P4(v)-design, v even, with a colour class of size v2 . Then
α + γ = v
2 − 2v
8
γ = δ
α − β = v
2 − 4v
12
and α ≤ v2−2v8 , γ = δ ≤ v
2+2v
24 .
Proof. The three equations follow directly from Corollary 3.1 on substituting h = v2 and b = v(v−1)6 . As γ ≥ 0, the inequality
for α follows from the first equation. Subtracting the third equation from the first one we get
γ + β = v
2 − 2v
8
− v
2 − 4v
12
= 3v
2 − 6v − 2v2 + 8v
24
= v
2 + 2v
24
.
As β ≥ 0, we get the inequality for γ . 
Clearly, for a {2}-regular 2-equicolouring of a P4(4)-design we have h = 2, and, from Theorem 3.4, we get (α, β, γ , δ) =
(0, 0, 1, 1) or (1, 1, 0, 0).
By Theorem 3.3, all {2}-regular 2-equicolourings of a P4(6)-design are of type A3B3, that is h = 3, and Theorem 3.4
implies (α, β, γ , δ) = (1, 0, 2, 2), (2, 1, 1, 1), or (3, 2, 0, 0). Further, it is easy to see that the system Π6 does not admit
2-colourings with (α, β, γ , δ) = (1, 0, 2, 2), or (2, 1, 1, 1); hence the only possibility is (α, β, γ , δ) = (3, 2, 0, 0). This
happens, for example, when we have A = {0, 2, 4}, B = {1, 3, 5}. Finally, if a singular P4(6)-design is colourable, then
γ = δ = 0. Thus,Π∗6 andΠ∗∗6 have only one vertex coloured with a given colour; however this contradicts Theorem 3.3. In
aggregate, we have that no singular P4(6)-design is {2}-regular equicolourable.
All {2}-regular 2-equicolourings of a P4(7)-design are of type A3B4; in fact, if we had a 2-equicolouring of type A2B5, then
the equations of Theorem3.4would not be satisfied. The same theorem implies that (α, β, γ , δ) = (2, 0, 4, 1) or (3, 1, 3, 0).
For example, the following two P4(7)-designs are 2-colourable with colour classes A = {1, 3, 5}, B = {0, 2, 4, 6}:
Π∗7 Π
∗∗
7
(1, 3, 0, 2) (AABB) (1, 3, 0, 2) (AABB)
(1, 5, 4, 6) (AABB) (1, 5, 0, 4) (AABB)
(1, 0, 4, 3) (ABBA) (3, 5, 2, 4) (AABB)
(1, 2, 6, 3) (ABBA) (1, 4, 3, 2) (ABAB)
(1, 4, 2, 5) (ABBA) (1, 0, 6, 5) (ABBA)
(1, 6, 0, 5) (ABBA) (1, 2, 6, 3) (ABBA)
(2, 3, 5, 6) (BAAB) (1, 6, 4, 5) (ABBA)
Note that both of these systems are singular.
Finally, all {2}-regular 2-equicolourings of a P4(9)-design are of type A4B5. In fact, by Theorem 3.4, 2-equicolourings of
either type A2B7 or type A3B6 cannot exist, and we have that (α, β, γ , δ) = (4, 0, 6, 2), (5, 1, 5, 1), and (6, 2, 4, 0).
For example, the following P4(9)-designs are 2-colourable with colour classes A = {1, 3, 5, 7}, B = {0, 2, 4, 6, 8}:
Π∗9
(1, 3, 0, 2) (AABB) (1, 5, 0, 4) (AABB)
(1, 7, 0, 6) (AABB) (3, 5, 2, 4) (AABB)
(1, 0, 8, 5) (ABBA) (1, 2, 6, 7) (ABBA)
(1, 4, 6, 5) (ABBA) (1, 6, 8, 3) (ABBA)
(1, 8, 2, 3) (ABBA) (3, 4, 8, 7) (ABBA)
(2, 7, 5, 4) (BAAB) (4, 7, 3, 6) (BAAB)
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Π∗∗9
(1, 3, 0, 2) (AABB) (1, 5, 0, 4) (AABB)
(1, 7, 0, 6) (AABB) (3, 5, 2, 8) (AABB)
(5, 7, 2, 4) (AABB) (3, 4, 5, 6) (ABAB)
(1, 0, 8, 5) (ABBA) (1, 2, 6, 7) (ABBA)
(1, 4, 6, 3) (ABBA) (1, 6, 8, 3) (ABBA)
(1, 8, 4, 7) (ABBA) (2, 3, 7, 8) (BAAB)
Π∗∗∗9
(1, 3, 0, 2) (AABB) (1, 5, 0, 4) (AABB)
(1, 7, 0, 6) (AABB) (3, 5, 2, 4) (AABB)
(3, 7, 2, 8) (AABB) (5, 7, 4, 8) (AABB)
(1, 8, 3, 2) (ABAB) (5, 4, 3, 6) (ABAB)
(1, 0, 8, 7) (ABBA) (1, 2, 6, 7) (ABBA)
(1, 4, 6, 5) (ABBA) (1, 6, 8, 5) (ABBA)
Note that all these systems are singular.
4. P4-designs with broken chromatic spectrum
In this section we consider P4-designs with a gap obtained by P4-decomposition of complete bipartite graphs Km,n.
To facilitate our discussion we employ the terminology of the previous section.
Theorem 4.1. Let f be a {2}-regular 2-equicolouring of a P4-decomposition of a complete bipartite graph Km,n with bipartition
X, Y . If A is one of the two colour classes and |X ∩ A| = h, |Y ∩ A| = k, then
α + δ = hk
α + γ = (m− h)(n− k)
α + 3β + 2γ + 2δ = hn+ km− 2hk.
As the proof is nearly identical to the proof of Theorem 3.4 we leave it to the reader.
There are several P4-decompositions of the complete bipartite graph K4,6. The systems D
4,6
1 ,D
4,6
2 are two P4-
decompositions of K4,6 with bipartition X = [01, 31], Y = [02, 52].
D4,61 D
4,6
2
(01, 02, 11, 12) (01, 32, 11, 42) (01, 02, 11, 12) (01, 12, 21, 32)
(11, 22, 01, 12) (11, 52, 01, 42) (01, 22, 11, 32) (01, 42, 11, 52)
(21, 02, 31, 12) (21, 32, 31, 42) (21, 02, 31, 12) (21, 22, 31, 32)
(31, 22, 21, 12) (31, 52, 21, 42) (21, 42, 31, 52) (21, 52, 01, 32)
The next three theorems provide properties of colourings for some special P4-designs.
Theorem 4.2. Let X = (X,B1) andY = (Y ,B2) be P4-designs on X = [01, 31] and Y = [02, 52], respectively. Then:
1. If a P4(10)-designΣ1 = (X ∪ Y ,B1 ∪B2 ∪D4,61 ) admits {2}-regular k-equicolourings then k = 2 or k = 4.
2. The P4(10)-designΣ2 = (X ∪ Y ,B1 ∪B2 ∪D4,62 ) admits {2}-regular k-equicolourings only for k = 2.
Proof. SetB = B1 ∪B2 ∪D4,6i , i ∈ {1, 2}. Let f be a k-colouring ofΣi. Clearly, 2 ≤ k ≤ v2 = 5˙. Further, f/X has to induce
on X a {2}-regular 2-equicolouring ofX , and therefore f/X partitions X into two colour classes A and B both of cardinality
2. By the same token, f/Y has to induce a {2}-regular 2-equicolouring ofY . By Theorem 3.3, part 2, f/Y partitions Y into two
colour classes C, D, both of cardinality 3. Therefore k ≠ 5. So we need only to prove that k ≠ 3 as well.
(1) LetD4,61 ⊂ B.
Assume first that 01, 11 are assigned the same colour, say 01, 11 ∈ A. Then 21, 31 ∈ B. Hence 02, 12, 22 ∈ C (or D)—see
blocks (01, 02, 11, 12) and (11, 22, 01, 12)—and the other three vertices of Y belong toD (or C). It is easy to check—see blocks
(01, 02, 11, 12) and (01, 32, 11, 42)—that the colour used in A differs from both colours used in Y . The same is true for the
colour used on B. Therefore, k ≠ 3 as well in this case.
Now assume that 01 and 11 are assigned different colours, say 01 ∈ A, 11 ∈ B. Then—see block (01, 02, 11, 12)—the two
colours used on 02 and 12 are the same as the colours used in X . Thus, if such a 2-colouring exists, then k = 2, that is, k ≠ 3.
The proof of this part is complete.
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(2) LetD4,62 ⊂ B.
Assume first that 01 and 11 are of the same colour, say 01, 11 ∈ A, and 21, 31 ∈ B. If 12, 02 are of a third colour C, then we
have three colours in the block (01, 12, 21, 32), and this is not possible. This implies that 12, 02 ∈ B, but also this case is not
possible by the existence of the monochromatic block (21, 02, 31, 12).
In the other case, 01 and 11 are assigned different colours. It is a matter of routine to check that colouring vertices
in {01, 11, 02, 12, 22} with one colour and vertices in {21, 31, 32, 42, 52} with the other colour provides a required
colouring. 
There are several P4-decompositions of K6,6. Below we provide three of them, that will be needed in what follows. In all
three cases we use a bipartition X = [01, 51], Y = [02, 52].
D6,61
(01, 02, 11, 12) (01, 12, 21, 02)
(01, 22, 11, 32) (01, 32, 21, 22)
(01, 42, 11, 52) (01, 52, 21, 42)
(31, 02, 41, 12) (31, 12, 51, 02)
(31, 22, 41, 32) (31, 32, 51, 22)
(31, 42, 41, 52) (31, 52, 51, 42)
D6,62
(01, 12, 11, 22) (11, 02, 21, 12) (21, 22, 01, 02)
(01, 42, 11, 52) (11, 32, 21, 42) (21, 52, 01, 32)
(31, 12, 41, 22) (41, 02, 51, 12) (51, 22, 31, 02)
(31, 42, 41, 52) (41, 32, 51, 42) (51, 52, 31, 32)
D6,63
(01, 02, 11, 12) (31, 02, 41, 12)
(01, 12, 51, 02) (31, 12, 21, 02)
(01, 22, 11, 32) (31, 22, 41, 32)
(01, 32, 51, 22) (31, 32, 21, 22)
(01, 42, 11, 52) (31, 42, 41, 52)
(01, 52, 51, 42) (31, 52, 21, 42)
Theorem 4.3. Let X = (X,B1) andY = (Y ,B2) be P4-designs on X = [01, 51] and Y = [02, 52] respectively. Then:
1. the P4(12)-designΣ = (X ∪ Y ,B1 ∪B2 ∪D6,62 ) admits {2}-regular k-equicolourings only for k = 4 and each colour class
contains either three elements of X or three elements of Y ;
2. the P4(12)-designΣ = (X ∪ Y ,B1 ∪B2 ∪D6,63 ) admits {2}-regular k-equicolourings only for k = 2 and both colour classes
contain three elements of X and three elements of Y .
Proof. SetB = B1∪B2∪D6,6i , i ∈ {2, 3}. Let f be a colouring ofΣ . Using the same reasoning as in the proof of Theorem4.2,
f/X partitions X into two colour classes A, B, both of cardinality 3, and f/Y partitions Y into two colour classes C,D, both of
cardinality three (see Theorem 3.3, part 2).
(1) LetD6,62 ⊂ B. We will distinguish two cases.
(a) Assume first that 01, 11 are assigned the same colour, say 01, 11 ∈ A. If 21 ∈ A, then B = {31, 41, 51} and the vertices
02, 12, 22 are assigned the same colour by the existence of the blocks (01, 12, 11, 22) and (11, 02, 21, 12). SayC = {02, 12, 22},
where C is different from B because of the block (31, 12, 41, 22). Finally we have the fourth colour D = {32, 42, 52} different
from the other colours by the existence of the blocks (01, 42, 11, 52) and (31, 42, 41, 52). It is easy to check that f in this case
is a {2}-regular 4-colouring.
In the case when 21 ∈ B—see the block (11, 02, 21, 12)—the vertices in Y have to be coloured with the same colours as
vertices in X , and the vertices {12, 22, 42, 52}would all have to have the same colour B because of the blocks (01, 12, 11, 22)
and (01, 42, 11, 52), which contradicts the second part of Theorem 3.3.
(b) Assume now that 01 and 11 are coloured with different colours, say 01 ∈ A; then—see block (01, 12, 11, 22)—all the
vertices in Y have to be coloured with the same colours as are used in X . If 21 ∈ A, because of the blocks (21, 22, 01, 02)
and (21, 52, 01, 32), we have that the vertices {02, 22, 32, 52} are coloured with the same colour as the vertices in B, which
is not possible. However, it is not possible that 21 ∈ B either; otherwise—see blocks (11, 02, 21, 12) and (11, 32, 21, 42)—the
vertices in {02, 12, 32, 42}would be assigned the same colour as vertices in A.
In aggregate, k = 4 and the statement is proved.
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(2) LetD6,63 ⊂ B.
(a) Assume that 01, 11 are coloured with the same colour, say 01, 11 ∈ A.
If 01, 11 ∈ A, then, by the block (01, 02, 11, 12), 02, 12 ∈ C, and also by the blocks (01, 12, 51, 02), (31, 02, 41, 12),
(31, 12, 21, 02), in turn we have 51 ∈ A and 21, 31, 41 ∈ B. From the blocks (31, 22, 41, 32), (31, 42, 41, 52), it follows that f
assigns the same colour to the vertices {22, 32, 42, 52}, but this contradicts the statement of Theorem 3.3, part 2.
(b) If 01 ∈ A and 11 ∈ B, then Y = A ∪ B. The statement follows on observing that there exists a 2-colouring of Σ:
A = {01, 21, 41, 02, 22, 42}, B = {11, 31, 51, 12, 32, 52}. 
Theorem 4.4. Let (m, n) = (7, 6), or (m, n) = (9, 6), and let X = (X,B1) and Y = (Y ,B2) be P4-designs on X =
[01, (m − 1)1] and Y = [02, (n − 1)2] respectively. Then a P4-design Σ on X ∪ Y containing blocks of B1 ∪ B2 has a {2}-
regular 2-equicolouring.
Proof. (1) Let (m, n) = (7, 6).
One can easily verify that D7,6 is a P4-decomposition of the graph K7,6. A routine check shows that colour classes
A = {01, 21, 41, 61, 02, 22, 42}, B = {11, 31, 51, 12, 32, 52} induce a {2}-regular 2-equicolouring ofΣ .
(2) Let (m, n) = (9, 6).
D9,6
(11, 02, 31, 22) (11, 12, 01, 02) (11, 32, 01, 22)
(11, 52, 01, 42) (31, 12, 21, 02) (31, 32, 21, 22)
(31, 42, 51, 02) (31, 52, 21, 42) (51, 12, 41, 02)
(51, 22, 11, 42) (51, 32, 41, 22) (51, 52, 41, 42)
(71, 02, 81, 12) (71, 12, 61, 02) (71, 22, 81, 32)
(71, 32, 61, 22) (71, 42, 81, 52) (71, 52, 61, 42)
It is easy to see that D9,6 is a P4-decomposition of the graph K9,6 and that the colour classes A = {01, 21, 41, 61, 81,
12, 32, 52} B = {11, 31, 51, 71, 12, 32, 52} induce a {2}-regular 2-equicolouring ofΣ . 
5. The main results
The first theorem states that there is a P4 design with a gap.
Theorem 5.1. There exists a P4(10)-design which has {2}-regular k-equicolouring only for k = 2 and 4.
Proof. Let Σ = (Z,B) be a P4(10)-design on Z = X ∪ Y , where X = [0, 3], Y = [4, 9], and B comprises blocks of the
designΠ4 on X , blocks of the designΠ6 on Y and blocks ofB1 given below that constitute a P4-decompositionD
4,6
1 of K4,6
with bipartition X, Y :
Π4 Π6 B1
(0, 1, 2, 3) (4, 5, 7, 8) (0, 4, 1, 5) (0, 7, 1, 8)
(1, 3, 0, 2) (4, 6, 7, 9) (1, 6, 0, 5) (1, 9, 0, 8)
(4, 8, 5, 9) (2, 4, 3, 5) (2, 7, 3, 8)
(5, 6, 8, 9) (3, 6, 2, 5) (3, 9, 2, 8)
(6, 9, 4, 7)
By the first part of Theorem 4.2 we know that a {2}-regular k-equicolouring of Σ can exist only for k = 2 or 4. A {2}-
regular 2-equicolouring of Σ can be obtained by partitioning Z into colour classes A = {0, 2, 4, 6, 8}, B = {1, 3, 5, 7, 9}
and a {2}-regular 4-equicolouring of Σ can be constructed using the colour classes A = {0, 1}, B = {2, 3}, C = {4, 5, 6},
D = {7, 8, 9}. Hence the chromatic spectrum of this P4(10)-design is broken with a gap at 3. The proof is complete. 
The next theorem guarantees the existence of a P4(v)-design having a 2-colouring for each admissible value v.
Theorem 5.2. A {2}-regular 2-equicolourable P4(v)-design exists for each v ≡ 0 or 1 (mod 3).
Proof. By Corollary 2.1, a P4-design exists if and only if v ≡ 0, 1 (mod 3). To prove the existence of a {2}-regular
2-equicolourable P4(v)-design we will consider three cases.
(i) v = 6h. For h = 1, the proof follows from the first part of Theorem 3.3. For any h > 1, let Hi = (Xi,Bi) be
2-colourable P4(6)-designs on Xi = [0i, 5i], i ∈ [1, h]. Consider a P4(6h)-design Σ = (∪i Xi,∪iBi ∪ijDi,j) where the
Di,j’s are all isomorphic to D
6,6
3 ; see Construction B, Theorem 2.3. By the first part of Theorem 3.3, there is a {2}-regular
2-equicolourable colouring of Bi’s with the colour classes A = ∪i {0i, 2i, 4i}, B = ∪i{1i, 3i, 5i}, i ∈ [1, h]. We place Di,j
designs such that the colouring of Bi’s induces colouring of Di,j’s as well; see the second part of Theorem 4.3. The proof
follows.
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(ii) v = 6h + 1, or v = 6h + 3. When h = 1, then the existence of a 2-colourable P4(7)-design and that of a P4(9)-
design were shown at the end of Section 3. For h > 1, let H1 = (X1,B1) be a colourable P4(7)-design (P4(9)-design) on
X1 = [01, 61] (on X1 = [01, 81]) and let Hi = (Xi,Bi) be 2-colourable P4(6)-designs on Xi = [0i, 5i] for i ∈ [2, h]. By
Construction B there exists a P4(6h+1)-design (P4(6h+3)-design)Σ = (∪i Xi,∪iBi ∪ijDi,j)where the familiesDi,j are all
equal toD6,63 , for i, j ∈ [2, h], and equal toD7,6(D9,6)when i = 1 and j ∈ [2, h]. By the observations following Theorem 3.4
and by Theorem 4.4, Σ is a 2-colourable P4-design with the following colour classes: A = {01, 11, 21, 0i, 2i, 4i}, B =
{31, 41, 51, 61, 1i, 3i, 5i}, for i ∈ [2, h] and A = {01, 11, 21, 31, 0i, 2i, 4i}, B = {41, 51, 61, 71, 81, 1i, 3i, 5i}, for i ∈ [2, h].
(iii) v = 6h+ 4. For h = 1 the existence of such design follows from Theorem 5.1. When h > 1, we consider the P4(4)-
design H1 = (X1,B1) on X1 = [01, 31], and P4(6)-designs Hi = (Xi,Bi) on Xi = [0i, 5i], i ∈ [2, h + 1]. Construction
B guarantees the existence of a P4(6h + 4)-design Σ = (∪i Xi,∪iBi ∪ijDi,j), where the families Di,j are all equal to D6,63
for i, j ∈ [2, h + 1], and all equal to D4,62 for i = 1. Then, by the second part of Theorem 4.2, it is easy to verify that Σ is
2-colourable with colour classes A = {01, 21, 0i, 2i, 4i}, B = {11, 31, 1i, 3i, 5i}, for i ∈ [1, h+ 1]. 
The next theorem shows the existence of a k-colourable P4-design for large k.
Theorem 5.3. For each h > 1 there exists a {2}-regular 2h-equicolourable P4(6h)-design.
Proof. For h = 1, the theorem follows from the first part of Theorem 3.3. If h > 1, then we consider 2-colourable P4(6)-
designsHi = (Xi,Bi) defined on Xi = [0i, 5i], i ∈ [1, h]. By Construction B, Σ = (∪i Xi,∪iBi ∪ijDi,j), where the families
Di,j are all equal toD
6,6
2 , constitutes a P4(6h)-design. EveryHi is 2-colourable, and we use two distinct colours for eachHi,
where the colour classes are Ai1 = {0i, 2i, 4i},Ai2 = {1i, 3i, 5i}, i ∈ [1, h]. All of these 2h colour classes induce a {2}-regular
2h-equicolouring forΣ . 
Now we provide examples of uncolourable P4-designs.
Theorem 5.4. For every admissible v ≥ 6, there exists a P4(v)-design which is not {2}-regular equicolourable.
Proof. From an observation following Theorem 3.4 we know that there exists an uncolourable singular P4(6)-design
H . Clearly, every P4-design containing H is uncolourable. However, a P4(v)-design containing H can be obtained by
Construction A1 and Construction A2 (Theorem 2.2) for every admissible v ≥ 6. The proof is complete. 
At the very end of the paper we prove that there is an infinite class of monocolourable P4-designs, and an infinite class
of P4-designs with a gap.
Theorem 5.5.
1. For every p, h ∈ N, with h ≥ p, there exists a monocolourable P4(6h)-design having a {2}-regular 2p-equicolouring.
2. For every p, h ∈ N, with h ≥ p, there exists amulticolourable P4(6h+4)-design having only two {2}-regular k-equicolourings,
for k = 2p and 2p+ 2. Thus all of these P4(6h+ 4)-designs have a gap at 2p+ 1.
Proof. (1) LetHi = (Xi,Bi) be 2-colourable P4(6)-designs on Xi = [0i, 5i], i = [1, h]. Set, for every i, j ∈ [1, h], i < j,
Di,j ≃

D6,62 if i < p
D6,63 if i ≥ p.
By Construction B we obtain a P4(6h)-design Σ = (∪i Xi,∪iBi ∪ijDi,j). Now we show that this design is k-colourable
only for k = 2p. Let f be a k-colouring ofΣ . We know from Theorem 4.3 thatD6,62 admits a k-colouring only for k = 4, where
each colour class comprises three vertices from one of the two bipartite sets. Therefore, f has to colour vertices in each Xi
with two colours that are different from the colours of vertices in Xj, i ≠ j, i, j ∈ [1, p]. On the other hand, by Theorem 4.3,
D6,63 admits a k-colouring only for k = 2, and each colour class comprises three vertices of both bipartite sets. Therefore, for
every i ∈ [p+ 1, h], f colours vertices of Xi with the same two colours as in Xp. Thus, f has to be a 2p-colouring. To see that
such a colouring exists it suffices, for each i ∈ [1, h], to colour vertices {0i, 1i, 2i}with one colour and the vertices {3i, 4i, 5i}
with another colour, and to place the P4(6)-designsBi, andD6,62 andD
6,6
3 accordingly on Xi and Xj, where the choice of two
colours for Xi has been described above.
(2) LetH0 = (X0,B0) be a P4 (4)-design on X0 = [00, 30], and letHi = (Xi,Bi) be P4(6)-designs on Xi = [0i, 5i], i ∈
[1, h]. By Construction B, we have a P4(6h + 4)-design Σ = (∪i Xi,∪iBi ∪ijDi,j) with i, j ∈ [0, h]. The familiesDi,j when
i = 0 are
D0,j ≃

D4,61 if j ≤ p
D4,62 if j > p
while, for i > 0,
Di,j ≃

D6,62 if i < p
D6,63 if i ≥ p.
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By Theorem 4.2, D4,61 admits only 2-colourings and 4-colourings, and D
4,6
2 is uniquely 2-colourable. Finally, by
Theorem 4.3,D6,62 is uniquely 4-colourable andD
6,6
3 has only 2-colourings and 4-colourings.
HenceΣ admits only 2p-colourings and (2p+ 2)-colourings, and the theorem is completely proved. 
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